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Abstract

We present an efficient boundary recovery method for conforming Delaunay triangulation of three dimensional
domains. Our method combines local transformations like edges/faces swappings and modified constrained Delaunay
refinement like edges/faces splittings to recover the missing boundary edges and faces. Its convergence is theoretically
proved. Its effectiveness is also demonstrated through some meshing examples.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Efficient and robust mesh generation is an essential part of many scientific and engineering computa-
tional challenges. In the field of unstructured meshing, methods such as Advancing-front, Octree and
Delaunay [9-12,14-17] have been extensively studied in the last two decades. In particular, tremendous
progress has been made on the theoretical analysis and robust implementation of Delaunay-based methods.
Currently, several important issues on Delaunay based triangulations remain under investigation, one of
which is on preserving the integrity of the boundary, or in another word, the boundary recovery.

The input data for a Delaunay-based algorithm are often given as a discrete description of the domain
boundary which, in the three dimensional space, may represent a surface triangulation of the boundary.
Delaunay-based methods usually produce a triangulation that forms the convex hull of the points on the
boundary. For an arbitrary domain, such a triangulation may not match with the prescribed boundary
surface, i.e., it may not satisfy the constraints (edges and faces in 3D) of the surface triangulation. A
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problem then arises, namely, how to recover the geometric constraints from the constructed triangulation
of the boundary. This problem has been successfully resolved in two dimensional spaces [2,3]. In three
dimensions, due to the Schrondert configuration [14,15], the existence of a constrained Delaunay trian-
gulation that matches with a prescribed surface triangulation is not guaranteed. George et al. [14] and
Weatherill [15] introduced ingenious techniques to reconstruct a prescribed surface triangulation. They
recovered the surface edges and faces by a series of edge/face swaps (or flips), and occasional heuristic
insertions of interior points (Steiner points). The heuristic procedures have not been proved to work in all
cases, as several examples in Baida [13] provided evidences that the above methods may fail in certain
situations. Schewchuk [16] and Shephard [17] proposed Delaunay refinement methods to construct a
conforming triangulation to match with the surface geometry. Their methods use local mesh modifications
such as edge/face splitting to recover a constraint as the concatenation of edges/faces. On one hand, the
effectiveness of such kind of conforming boundary recovery has been demonstrated in many cases, even
though no theoretical proof is provided for the convergence of these methods. On the other hand, the
refinement steps may require the insertion of an excessive number of points to the missing constraints,
hence violate the local sizing specification (prescribed by the surface triangulation or by other methods).
Moreover, when inserting a point to a constraint in the Delaunay method, the recovered constraints may be
deleted in the refinement process.

In this paper, an algorithm is presented which combines local transformations (edge/face swaps) with
a modified Delaunay refinement (edge/face splits) to recover the boundary constraints in a conform-
ing manner. As a main objective of this paper, a theoretical proof of the convergence of the method is
provided.

The algorithm presented here involves two stages, with the first stage consisting of three basic local edge/
face swaps that are applied to recover a portion of the missing constraints. These basic local transfor-
mations are not as complicated as those in [14]. For each missing constraint, comparisons are only made
between the set of tetrahedra connecting the missing item and the required configurations of the three basic
swaps. Whenever a match is found, a corresponding swapping is performed to recover the missing item.
Numerical experiments show that these local transformations usually recover almost 80% of the missing
constraints. In the second stage, the refinement method is used to recover the remaining missing items.
Different from the previous works [16,17] where one first recovers edges and then faces, the missing faces
are recovered sequentially and at the same time, their missing edges are also recovered. For each missing
edge of a missing face, the intersection points of the edge with the current triangulation of the boundary
points are found, and the nearest-mid intersection points are added one by one in a modified Delaunay
insertion procedure until the recovery of the edge is achieved. When the missing edges of a missing face are
all recovered, if the face is still missing, the intersection points of the face with the current triangulation are
computed and they are inserted one by one into the modified Delaunay insertion procedure until the face is
recovered. The modified Delaunay insertion shares the following property: when inserting a point to a
constraint, no existing or recovered constraint is deleted.

Regarding our two-stage recovery algorithm, the use of local transformations in the first stage greatly
reduces the need for points insertion in the second stage, thus the algorithm not only keeps the boundary
recovery simple but also keeps the mesh in good conformation with the local sizing specification. The idea
of keeping recovered constraints non-violated, that is, protected, was also addressed by Wright and Jack
[19], but the protection method used there only becomes viable by recognizing a consistent node ordering of
the faces of the inserted polyhedra, or Cavity [19]. The proposed method given in this paper via the
modification of the Delaunay kernel is systematic and applicable for all cases. It can also be easily
implemented. Moreover, since the number of missing constraints are finite, the convergence of the
boundary recovery procedure becomes an easy consequence. The combination of local transformations and
Delaunay refinement method can adequately address the various issues of conforming boundary recovery
and also makes the recovery procedure very efficient and effective.
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The remaining part of the paper is organized as follows: an overview of our method is described
in Section 2 which covers the basic steps of the boundary recovery algorithm. Section 3 discusses the
modified Delaunay insertion procedure. Our new recovery algorithm is explained in detail in Section 4.
Section 5 presents the convergence proof of the recovery. Some application examples and preliminary
comparisons with other recovery schemes are presented in Section 6. Finally, conclusion remarks are given
in Section 7.

2. An overview of the method

Let S be the input surface triangulation of the boundary, which can be generated by various methods [4—
6]. Let P = {vertices of S, i.e. the boundary points} U {eight vertices of the bounding box which covers the
entire domain}. Denote the Delaunay triangulation of P by Ty. Our goal is to modify Ty locally and to
obtain a triangulation 7 such that each element of S either exists in 7 or is the union of a set of triangles of
T, and the geometry of the boundary of 7' conforms with that of S. That is to say, constructing a con-
forming triangulation 7 of S is our objective. Our method combines local edges/faces swappings with edges/
faces splittings. The basic steps of the method are briefly summarized as follows:

1. First, we collect information from S on the connecting edges and connecting faces of each boundary
point in S. If an edge of S exists in 7y, this edge is marked Recovered and the corresponding edge in
Ty is marked Protected, i.e. this edge has been recovered and must not be deleted in later mesh modifi-
cations. For the other edges in S, we mark them Unrecovered (or Missing). For the other remaining edges
in Ty, we mark them Unprotected. For the faces of S, we perform a similar marking operation. The areca
of each face of S is computed and is to be used later.

2. For the missing items (edges/faces) of S, we use three basic types of single step swappings, namely T23,
T32, T44 (as illustrated in Fig. 1). (1) T23 corresponds to trading abcd and abce with deab, debc, deca,
where de intersects the interior of abc; (2) T32 corresponds to the inverse of T23; (3) T44 corresponds to
trading abde, bcde, abfd, bedf with acde, abce, acdf, abef, where ac intersects the interior of bde or bdf.
We do not apply the more complicated edge/face swapping procedure proposed in [14]. The above three
single-step swappings are sufficient for our algorithm to recover a large part of missing items. T32 is for
the recovery of a face, T23 for an edge, and T44 is for an edge and the simultaneous recovery of two

b e

Fig. 1. Three basic types of swappings T23, T32 and T44.
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Fig. 2. Edge/face splits for recovering a face: a missing face and its two missing edges AC, BC (left), and the recovered face and its
recovered edges (right).

faces. The local transformations we use here is aimed at recovering some missing edges/faces in a
constrained manner while not violating the boundary sizing specifications. We denote the transformed

3. After the local transformations, some missing constraints may still remain to be recovered. We then ap-
ply the Delaunay refinement method that consists of the edges/faces splittings. The missing faces
are recovered one by one, and the edges are simultaneously recovered (see Fig. 2). This leads to a
different approach from that of [16,17]. For the recovery of each face, the procedure consists of two
parts:

(a)

(b)

If a missing face has edges which are not recovered, we first recover these edges. Let 4, B be the two
end points of a missing edge. The set of intersection points {F;} of the line segment 4B with T is
computed. In {P,}, the point P, are chosen which is the nearest point to the midpoint of 4B, and
P, is inserted into 7 via the modified Delaunay insertion procedure (discussed in Section 3). If
the updated 7 has edges 4P,, and P,B, AB is recovered as a concatenation of the two edges. Else,
if AP, or P,B is not in T, the nearest point in {P,} to its midpoint is again chosen and likewise is
inserted into 7. Recursively, we perform the insertions of points nearest to the midpoints until 4B
is reconstructed as a union of some edges in 7. And in the process of the above insertion, when
one edge in 7 is a part of AB, we mark it Protected. Also, after recovering AB, we mark it Recovered.
At the same time, in the process of the above edge recovery, some faces (including the missing face)
of S which connect 4B may be recovered. They are also marked Recovered. Likewise, if some faces of
T is a part of the missing face, we mark them Protected.

If the three edges of the missing face are recovered, but the face is still not recovered, a face splitting
is performed. Similarly, the intersection points {Q;} of the missing face with T are computed. A
point Q in {Q;} is found which does not intersect any recovered parts of the missing face and it
is inserted into 7 through the modified Delaunay insertion. If the face is recovered, we move on
to deal with other missing faces; else, recursively we find the another point O (with the same meaning
as above) and insert it into 7" until the missing face is re-established as a concatenation of faces in 7.
In the process of the above recursive insertion, if any face of 7' is a part of the missing face, it is
marked Protected and when a missing face is recovered, it is marked Recovered.

4. Finally, the elements lying outside the domain are deleted from 7 and a conforming triangulation 7 of S
is obtained, i.e. the boundary recovery process is completed.

3. Modified Delaunay insertion

Let {P;} be a finite set of points in R? and for each k, the Voronoi cell of P, is the set V; defined by
Vi={p:llp—Pl<|lp—Pll,j#k}. {Vi} forms the well-known Voronoi (or Dirichlet) Tessellation of
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the entire space with respect to the points set {P;}. The Delaunay triangulation of {F;} is defined as
the dual of the Voronoi Tessellation; see [1,16] for more details on the properties of Delaunay trian-
gulation.

To construct a Delaunay triangulation of a set of points, the most effective approach is the incremental
Delaunay insertion method introduced by Hermeline [18] and Watson [1], which has become very mature
based on the works of Hecht and George [7,14] and others [2,6-8,12]. For inserting a new point into the
current triangulation, the Delaunay kernel consists of three parts: Base, Cavity, Ball. Here, the Base is
defined as the clement(s) containing the new point; the Cavity is defined as the set of elements whose
circumballs contain the new point; the Ball is defined as the elements which are formed by the new point
and the boundary facets of the Cavity. With the Cavity substituted by the Ball, the current triangulation is
updated. Usually, the Cavity is constructed using the method of recursive neighboring search beginning
from the Base.

The robustness of the above incremental Delaunay insertion method mainly depends on the validity of
the Cavity, i.e., whether it is star-shaped.

To assure the validity of the Cavity, various techniques have been developed; see [7,12] for details. In [7],
a correction procedure is proposed to the constructed Cavity, which checks the positiveness of the deter-
minants formed by the inserted point and the outside facets of the Cavity and perform some deletions
accordingly.

In our proposed boundary recovery procedure, after the local transformations (edges/faces swapping),
the remaining missing edges/faces are recovered by the method of edges/faces splitting, that is, adding
points to the constraints (edges/faces) using a modified version of the Delaunay insertion procedure. The
objective of the modification is: when adding a point to a constraint, any Protected edgelface, and hence any
recovered constraint, is not deleted in the Delaunay insertion process. Thus, with the insertion of the inter-
section points, the number of missing constraints is decreasing monotonically. Since the number of the
missing constraints is finite, the convergence of the boundary recovery becomes obvious. A more detailed
proof is provided in Section 5.

The modifications to the Delaunay insertion procedure consist mainly of two parts: the modified con-
struction of the Cavity, and the modified correction of the Cavity.

Modification to the construction of the Cavity. To prevent from deleting the existing boundary constraints
in the triangulation, the construction of the Cavity is modified as follows: When the recursive neighboring
searching from the Base meets a face which has been marked as Protected, the search is stopped in the
direction of the face and it is advanced towards other directions. Thus, the Protected face may not be
included as an inner face of the Cavity. In the subsequent searches, it is possible, but much less likely in
practice, that this face sometimes may be again included as an inner face, This leads to considerable saving
of computation time later in the modified correction of the Cavity.

Modification to the correction of the Cavity. The Cavity constructed from the Base may contain some
Protected edges or faces each of which corresponds to some boundary constraint of the surface triangu-
lation S or a part of some boundary constraint. These constraints may be included as the inner edges/
faces of the Cavity if no additional treatment is made to the constructed Cavity. In the construction of
the Balls, these Protected edges/faces are deleted, which is counter-productive to our boundary recovery. To
achieve the goal of protecting these edges/faces, the following corrections are applied:

(1) For each Protected inner edge of the Cavity, the elements connecting it are found and one of the ele-
ments not contained in the Base is deleted.

(2) For each Protected inner face of the Cavity, the elements connecting it are found and one of the ele-
ments not contained in the Base is deleted.

(3) After each element deletion, the cavity is corrected through the tetrahedral determinants positiveness
checking [7].
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With our modified Delaunay insertion procedure, a rigorous proof is given in Section 5 to show that
when adding an intersection point to the constraint by the above modified Delaunay insertion procedure,
any recovered or previously existing constraint of 7' is never deleted.

4. Boundary recovery algorithm

Let S, Ty, T be defined as in Section 2. Here, we give a detailed algorithmic description on how to derive a
conforming triangulation 7 from the initial Delaunay triangulation 7.

Three procedures are presented: the initial comparison; the local transformation; and the edge/face
splitting for the remaining constraints.

4.1. Initial comparison

Since only the vertex coordinates and the element vertices are contained as the input data of the surface
triangulation S, the areas of input surface triangles and the connectivity data for the edges/faces of each
point need to be first computed. For each point, the edges connecting it are found; for each edge, the
triangles connecting it are found. The former can be done by looping over the edges, while the latter by
looping over the faces. Using these connectivity data, comparisons between S and 7y are made. If an edge /
of S exists in Ty, this edge is marked Recovered, and the corresponding edge /* of Ty is marked Protected.
Similar comparisons are performed for the faces of S and 7.

4.2. Local transformation

After the initial comparison, we know which edges/faces of S are recovered in Ty and which are missing.
For each missing face, we compare the configuration of the tetrahedral set which connect the face with the
required configurations of the three basic single step local transformations (see Fig. 1): T23, T32, T44. If the
configuration is in agreement with one of the three required, the corresponding transformation is performed
and some constraints are recovered. For a missing face F of S, if its edge AB is missing in 7Ty, the corres-
ponding points A*, B* in Ty are found first; then the faces of 7y which A*B* intersects are found. If there is
only one such face F* which 4*B* intersects and the configuration of the tetrahedral set connecting F* and
A*B* agrees with the required one of T23, the flipping T23 is performed and the edge AB is recovered. For
T32 and T44, the corresponding procedures are applied to check the consistency of the configuration and
then a specific flipping is performed to recover some constraints. When performing a flipping, the newly
generated edges/faces are compared with the connection data of the missing constraint, and the information
on recovery are updated accordingly. After each flipping, the updated triangulation is still denoted by Ty.

4.3. Refinement: edges/faces splitting

After the above local transformation, a percentage of the total missing constraints can be recovered.
Usually, if the quality of the surface triangulation S is of reasonable quality, this percentage can be sub-
stantial, say, about 80%. For the missing items not yet recovered, we apply the refinement method: edges/
faces splitting. We do not adopt the often followed method of first recovering all missing edges then all
missing faces. Instead, we apply the procedure of sequentially recovering the missing faces, and recovering
the edges simultancously. In the following, we first discuss the recovery of the missing edges of a missing
face by edge splitting: nearest-mid intersection points insertion; then we address the complete recovery of
faces by face splitting. When inserting a point into a constraint, the updated triangulation is still denoted by
T (the triangulation after local transformation is denoted by T as well).
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4.3.1. Edge recovery by recursive nearest-mid intersection points insertion

Let F be a missing face and E be one of its missing edge with end points 4, B. The corresponding points
of 4, Bin T are 4* and B*. To recover 4B (or equivalently recover 4*B*), the intersection points {P,} of 4*B*
with the faces of T are found first. From {P,}, the point P* is found, which is closest to the midpoint of
A*B*. Such a point P* is called the nearest-mid intersection point (of {F,}) with respect to 4*B*. Then P* is
inserted into 7 in the modified Delaunay insertion procedure (discussed in Section 3) and P* is deleted from
the set {P;}. After the insertion, the set NE of newly generated edges of T is compared with
Sl = {P*A*,P*B*}. If an edge el in NE agrees with one of S/, the edge is marked Protected, and S! is up-
dated by SI = SI — {el}. That is to say, when a newly generated edge is a subpart of the missing edge, it is
marked Protected, and it will not be deleted in the successive points insertions. Also the recovered infor-
mation data are updated. If S/ becomes empty, it means A*B* is recovered and E is marked Recovered. Else,
for each element of S/, from {F,}, the nearest-mid intersection point with respect to that line segment is
found and they are added recursively into 7 by the modified Delaunay insertion procedure until S/ becomes
empty, i.e., until the missing edge is recovered completely. Also, after inserting each nearest-mid inter-
section point, the newly generated faces NF of T are compared with the connection data of 4B’s faces. If a
face F; of NF is a part of a missing face F;, connecting 4B, F; is marked Protected, and the recovering data of
F;, are updated accordingly. This means, if a newly generated triangle is a subpart of the missing triangle, it
is marked Protected, i.e., not deleted in the subsequent points addition. And when a subpart of a missing
triangle is recovered in the Protected manner, it is added to the already recovered subparts, and the sum of
area of these recovered subparts is called RecoveredArea. If the RecoveredArea is equal to that of the
missing triangle, it (F;,) is marked as Recovered. It means that in the recovery procedure the faces F;,, of AB
are recovered simultaneously, such an event happens very often in practice.

For clarity, the algorithmic details given above is presented in the following pseudo-code:

BEGIN
Let 4, B be the end points of E, find the corresponding A*, B* in T;
Find the set of intersection points {F,} of A*B* and the faces of T;
Initialize S to be {4*B*};
Continue;
For each element /e (with endpoints P,, P,) of S/, do
Find the point P* from {P,} nearest to the midpoint of le;
Insert P* into T in the modified Delaunay insertion procedure;
Delete P* from {P.}: {F} = {F} \ P*
For each newly generated edge E,, do
If E, is a part of le, then
Mark E, as Protected,
Endif
Enddo
For each newly generated face F;, do
If F, is a part of AB connecting missing face F,,, then
Mark F, as Protected and Update the RecoveredArea of F,,;
If the RecoveredArea of F,, equals the area of F,,,
Mark F,, as Recovered,
Endif
Endif
Enddo
If P*P, and P*P, are both newly generated edges then
Delete /e from Si: SI = SI — {le};
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Else
Add P*P, or P*P, to SI: S = Sl + {P*P,}({P*P,}) accordingly, or both;
Endif
Enddo
If SI is not empty, go to Continue; else, Endif
END

4.3.2. Face recovery by splitting

Let F be a missing face of S with its three edges recovered. In this case, there must be some edges in T
which intersect F or the Unrecovered parts of F. For the complete recovery of F, the intersection points of
these edges associated with F are found first. These points do not intersect any recovered part of the missing
face, since the recovered sub-triangles are protected during the points-addition procedure with the modified
Delaunay insertion procedure. Here, the accurate intersection checking is the key to the robustness of the
whole conforming recovery. Then, these intersection points are inserted recursively into 7, i.e., the current
triangulation by the modified Delaunay insertion procedure until the RecoveredArea of F is equal to that of
F, that is to say until the missing face is recovered completely. Before an intersection point for insertion is
chosen, we check whether it is in any recovered subpart of the missing face. If it is, this choice is given up
and we go for another. With the insertions of the intersection points, the RecoveredArea of the missing face
is becoming larger and larger, or say, more and more subparts of the missing face are recovered, and finally,
the complete recovery is obtained. And the recovery is performed independently from any other recovered
or existing face.

Again for clarity, the pseudo-code of the final recovery by face splitting described in the above is given as
follows:

BEGIN
Find the intersection points set {#,} of F with the edges of T
Continue
Find a point P* from {P;} such that: P* is not in any recovered part of F’
Insert P* into 7 in the modified Delaunay Insertion procedure;
Delete P* from {F}: {P} = {B:} \ P*
For each newly generated face F,, do
If F, is a part of F then
Mark F, as Protected and Update the RecoveredArea of F;
Endif
Enddo
If the RecoveredArea of F, equals that of F;, then
Mark the missing face F as Recovered; go to End;
Else
Go to Continue for the insertion of another intersection point;
Endif
END

4.4. Deletion of the outside elements

When the missing faces are all recovered, the recursive neighboring search method proposed in [2,14] is
used to classify each element of 7 and mark the class of the elements not in the domain to be zero. Deleting
the zero class elements from 7, the conforming triangulation of S is then obtained, i.e. the boundary
recovery is completed.
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5. Proof of convergence

Based on the algorithm in the Section 4, we know that our boundary recovery contains two parts: first
the local transformation, then the edges/faces splitting.

For the local transformations, it is obvious that the three single step flippings (swappings) do not delete
any existing or recovered constraint. Hence, the proof of the convergence of our boundary recovery scheme
is reduced to the proof of the convergence of the second part.

In the following, we first prove that adding an intersection point to a missing constraint in the modified
Delaunay insertion procedure never deletes any Protected edge/face, thus the existing or recovered con-
straint, of the triangulation T’; then we prove that each missing edge/face can be recovered as a union of
edges/faces in 7' by adding finite intersection points to it in the modified Delaunay insertion procedure;
finally, we combine these two proofs to obtain a complete proof of the convergence of our boundary
recovery algorithm. The results are presented sequentially in three theorems and the final conclusion is
made in Theorem 4.

Theorem 1. Let S, Ty, T be defined as in Section 2, and assume that E (of S) is a missing constraint (edge or
face) in T. Denote the intersection points set of E with T by {P,}. When adding a point p of {P;} into the
modified Delaunay insertion procedure described in Section 3, no Protected edgelface of T is deleted. Hence,
the Recovered edgelface of S, i.e., the constrained edgelface of S which exists in Ty or has been recovered in T is
not deleted.

Proof. We first show that the Base of p contains no Protected edge/face as an inner edge/face. Depending on
the different positions of p in its Base: inside an element, on an edge, or on a face, we present the proof
respectively for each of the cases.

(1) Inside an element (see Fig. 3(a)): p is in the interior of the element ¢, which implies that the Base of p has
only one element 7. Obviously there is no inner edge/face in 7 and hence no Protected inner edge/face is
contained in the Base.

(2) On an edge (see Fig. 3(b)): p is on an edge /, then the Base of p equals the tetrahedra set 7S connecting /.
There is only one such edge / being an inner edge. If / is Protected, then the constraint of S to be recov-
ered must intersect /, which is inconsistent with the configuration of S. And there are »n inner faces with
n being the number of the elements of 7S. Similarly, if there is one inner face which is Protected, the
geometric inconsistency is again obvious. So, there is no inner Protected face in the Base of p.

(3) On a face (see Fig. 3(c)): pis on a face F, then the Base of p consists of two elements which connect F. In
the Base, there is no inner edge and only one inner face F. If F' is Protected, similar to (2), let the con-
straint to be recovered be either an edge or face, we have that this constraint intersects F, which con-
tradicts to the geometric configuration of S.

(a)

Fig. 3. (a) In an element, (b) on an edge, and (c) on a face.
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Secondly, we verify the claim that there is no inner Protected edge/face in the elements added to the
Cavity of p after correction.

From the added corrections to the Cavity (described in Section 3) we know that if there is an inner edge/
face in the Cavity which is marked Protected, this edge/face is to be treated so that one element (not in the
Base) connecting the edge/face to the Cavity is deleted. Then this edge/face becomes a boundary element of
the updated Cavity. That is to say, this edge/face is no longer an inner Protected element of the Cavity. Since
the Base of p contains no inner Protected edge/face, the Cavity after correction has no inner Protected edge/
face.

Finally, since the corrected Cavity of p has no inner edge/face which is marked Protected, and in the
construction of the Ball of p, only the inner edge/face is deleted, there must be no Protected edge/face which
is deleted in the modified Delaunay insertion procedure of p. From the relationship between the Protected
edges/faces of T and the Recovered elements of S, we conclude that no Recovered edge/face of S, i.e. no
constrained edge/face of S which exists in 7 or has been recovered in T, is deleted.

Before moving to the second part of the proof, we present a property of the modified Delaunay insertion
procedure. [

Proposition 1. Let S, T, E, {P,} be defined as in Theorem 1. When inserting a point p (in {P;}) into T in the
modified Delaunay insertion procedure, there is no new intersection point of E and the updated T, which is
different from any one in {F;}.

Proof. We prove the proposition according to the geometry of the constraint £, an edge or a face,
respectively.

(1) Eisanedge: Let 4, B be the two end points of the missing edge £ in T (see Fig. 4). Now p is inserted into
T in the modified Delaunay insertion procedure. From the construction of the Ball of p, we know that
all newly generated edges and faces must pass through p and have p as an vertex. If one new face inter-
sects AB in Q and Q is not in {#; }, then one edge of the new face must intersect 4B in Q. Denote the end
points of the edge by C, D. According to the construction of the Ball of p, there must exist a face F’
which connects CD and F is an existing face of the Cavity of p. Therefore, AB intersects F and the inter-
section point is Q. That is to say, Q is in { £, }, which contradicts to the assumption on Q. Hence, there is
no new intersection point of £ and T.

(2) Eisaface: Let 4, B and C be the three vertices of the missing face E in T (see Fig. 5). p is inserted onto E
in the modified Delaunay insertion procedure. Similarly as in (1), all newly generated edges/faces must
pass through p and have p as an vertex. If one new edge intersects the triangle ABC in Q, then the line
segment Op lies on the triangle ABC. Therefore, pQ is just the new edge and O must be a boundary of
the Cavity of p. Hence, there must be a boundary edge QO (of p’s Cavity) which has O as an vertex.
Obviously, the edge QO is an existing edge of p’s Cavity, and QO intersects the triangle 4BC in Q, so

Fig. 4. E is an edge.



Q. Du, D. Wang | Comput. Methods Appl. Mech. Engrg. 193 (2004) 2547-2563 2557

C

Fig. 5. E is a face.

Qs in {P,}, which contradicts the assumption on Q. Hence, there is no new intersection point of £ and
r. O

With the above preparation, we come to the second part of the proof, which states that each missing
edge/face can be recovered through a finite number of insertions of intersection points in the modified
Delaunay insertion procedure. We first discuss the recovery of edges then faces.

Lemma 1. Let T be defined as in the Theorem 1, assume A, B are the two inner (not boundary) vertices of T
with the line segment AB not an edge in T, i.e. AB is missing in T. Then, AB intersects at least a face F of T.

Proof. Let S, be the set of tetrahedra having 4 as a vertex (see Fig. 6). Because 4 is an inner vertex, S, must
be connected and closed and 4 is in the interior of the polyhedron S, forms. Denote the boundary faces of
S, by S,. Since B is an vertex of 7, it cannot be in the interior of S,. If B is on S, it must be a vertex of one of
faces in S,, then AB is an edge in 7', contradicting to the assumption of the lemma. Hence, B is in the outside
of S,. Thus, 4B must intersects a face in S,, and thus a face of 7. O

Lemma 2. Let S, T be defined as in the Theorem 1. Assume that E (of S) is a missing edge in T. A and B are the
two end points of E. A*, B* are the corresponding points in T of A, B (the coordinates are the same, but possibly
with different numbering). {P,} is the set of intersection points of T with the line segment A*B*. Assume that in
performing the nearest-mid intersection points insertion (described in Section 4) for the recovery of AB, a
nearest-mid intersection point P (of {P.}) has been inserted into T. Then, in the nearest-mid intersection
insertion procedure, there must be two nearest-mid intersection points P, and P, in {P,} or two points P; and P,
in {A, B} such that PP, PP, exist as two edges in T.

Proof. We only prove the case of P, (similar argument works for P,).

Assume in the insertion procedure of the nearest-mid intersection points that, when inserting P into 7,
there is no nearest-mid intersection point in {#} or no point in {4, B} which lies on the left of P (see Fig. 7)
as a vertex of 7 and connects P by an edge in 7, then there must exist a point P* (on the left of P) which is
an inner vertex of 7 or is 4 and the line segment P*P is not an edge of 7. From Lemma 1, there must exist at

Fig. 6. AB intersects at least a face.
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Fig. 7. P must be connected by its left and right points.

least a face of T which P*P intersects. Denote the set of intersection points of 7" and P*P by {Q,}. From
Proposition 1, we know {O;} is a subset of {P;}. Then, from {Q;}, or equivalently from {7}, the nearest-
mid intersection point P** of P*P are found and P** is added in the same way as P. If P**P is still not an edge
of T, the above procedure is performed iteratively. Since {F; } is finite, the iteration stops in finite steps. And
the last point P, must exist in {P;} or in {4, B}, and it must connect with P as an edge of T; else, by Lemma
1, there is at least a point in {F;} which is between P, and P, and certainly we can find the nearest-mid
intersection point from {#;} and insert it, which contradicts to the assumed convergence of the nearest-mid
intersection points insertion procedure. [

Combining Lemma 2 and the Proposition 1, we have the following:

Theorem 2. Let S, T be defined as in Theorem 1. And assume E (of'S) is a missing edge and {P;,k = 1,n(E)} is
the intersection points set of E and T. Then E can be recovered as a union of edges of T through a finite nearest-
mid intersection point insertions in the modified Delaunay insertion procedure, and the number of insertion is
no more than n(E).

To prove the recovery of the face splitting, we first present some definitions.

S-Polygon: A simply connected polylateral domain on a plane F (of 3D) is called a S-Polygon with respect
to F.

M-Polygon: A multi-connected polylateral domain on a plane F (of 3D) is called a M-Polygon with respect
to F.

P-Polygon: Let SP(F) = {all S-Polygons with respect to F}; and MP(F) = {all M-Polygons with respect to
F}. If E is the union of some elements in the set {¢: ¢ is of SP(F) or MP(F')}, then E is called a
P-Polygon.

A triangle of T is a P-Polygon. If a part of the triangle is removed from the triangle, the remaining part is
a P-Polygon, independent of its position.

In Fig. 8(a), Py,...,P, are all on the plane F and they form a polylateral domain L. L is then an S-
Polygon with respect to F. The simplest S-Polygon is a triangle of 7 (defined as before). In Fig. 8(b),
P,...,P,form L, Oy,...,0, form L, and L\ L; is an M-Polygon with respect to F.

(a)

Fig. 8. (a) An S-Polygon and (b) an M-Polygon.
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Lemma 3. Let T be defined as in Theorem 1. M is a P-Polygon with respect to a certain plane. The vertices
and edges of M all exist as inner vertices and edges in T, but there is no triangle of T which is a part of M.
Then, for each edge E of M, there must exist an edge L of T which intersects M and the intersection point is in
the interior of M. In addition, E and L form a tetrahedron of T, and there exist at least an intersection point of
M and T.

Proof. Without the loss of generality, we just prove the case of M being an S-Polygon. In Fig. 9, M is an S-
Polygon, E is an edge of M. From the assumption, we know E is an inner edge of 7, then the tetrahedra set
TS connecting E form a closed and connected polyhedron and E is an interior edge of this polyhedron.
Because M passes through E, there must be an element ¢ of 7S which M intersects. If M intersects ¢ on a face
of ¢, then the face is a part of M, which contradicts the assumption. Hence, M must intersect an edge L of ¢
and the intersection point is between the two endpoints of the edge. Because M passes E, L must be the
opposite edge to E'in 7, 1.e., L and E form a tetrahedron in 7. As E is an arbitrary edge M, there must exist at
least an intersection point of M and 7. [

Theorem 3. Let S, T be defined as in Theorem 1, assume that F (of S) is a missing face and {P,,k = 1,n(F)} is
the set of intersection points of F and T (actually with the edges of T), and the edges of F have been recovered
using the nearest-mid intersection points insertion described in Section 4. Then F can be recovered as a
concatenation of faces of T using the intersection points insertion procedure described in Section 4, and the
number of insertions is no more than n(F).

Proof. No matter whether F is partially recovered or no part is recovered after the recovering procedure of
its edges, the remaining part of F forms a P-Polygon M,. Let E, be an edge of M, then according to Lemma
3, there is an edge L with which E, forms a tetrahedron ¢ of 7, and the intersection point P, of L with M, is in
the interior of My. From Theorem 1, we know that P, is in {P}. In the process of inserting the intersection
points of {P,} for the recovery of F, if a point P in {F;} is inserted and 7 is contained in the corrected Cavity
of P, then by the definition of the modified Delaunay insertion procedure, since E, is Protected, P and E,
forms a new face F, in the construction of P’s Ball. Else, P, is inserted into ¢ which makes ¢ being part of the
Base of P,. Obviously, P, with E, forms a new face F;, and F,, is clearly a part of M. Let M, = M, \ F,,. Then
when advancing the intersection points insertion procedure, the initial P-Polygon is reduced to another P-
Polygon M, whose area is less than that of M. Iteratively, we get a sequence of P-Polygons: My, M, M,, ...
Since {P;} is finite, the iteration is convergent, or say finite. Denote the converged or the final one by M..
We claim that M, is empty. Else, according to Lemma 3, there must exist an intersection point Q in M, and

Fig. 9. M intersects T with at least one intersection point.
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Qisin {P}, then we must insert Q into 7, which is in contradiction to our assumption on the convergence
of the iteration and the face splitting procedure. Hence, F' can be re-established as a union of faces of 7 and
obviously the number of insertions is no more than n(F). O

Combining Theorems 1-3, we have the following conclusion:

Theorem 4. Let S, Ty, T be defined as in Theorem 1. The boundary recovery algorithm presented in Section 4
for recovering the missing edges/faces of S is convergent, i.e. the missing constraints can be recovered as a
concatenation of edges/faces of T through local transformations (edges/faces swapping) or through a finite
number of intersection points insertion in the modified Delaunay insertion procedure.

6. Application examples

Our boundary recovery which combines local transformations (edge/face swapping) with Delaunay
refinement method (edges/faces splitting) has been introduced into a complete mesh generation procedure
to deal with various geometric models. As some preliminary illustrations, the surface triangulations and the
cross-sectional views of their conforming 3D triangulations of four examples, none having interior points,
i.e., having only boundary vertices, are presented in Figs. 10-13.
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Fig. 11. The surface triangulation and the cross-sectional view for a model with cavities.
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Fig. 13. The surface triangulation and the cross-sectional view for intersecting objects.
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Table 1

Mesh statistics of the examples
Examples Fig. 10 Fig. 11 Fig. 12 Fig. 13
Total boundary vertices 866 8015 3011 1456
Original missing faces 12 32 108 64
Added vertices 2 6 18 12
Faces recovered by swapping 8 24 79 48
Added vertices by ODR 6 21 64 36

In Table 1, the geometric data for each example are provided which include the total number of
boundary vertices in the triangulation, the number of missing boundary faces in the original triangula-
tion,the number of recovered missing boundary faces through simple swapping and the number of vertices
added on the boundary. Note that no interior vertices are added to the triangulation. For comparison, in
Table 1, we also report the number of added vertices if we use purely the original Delaunay refinement
[16,17] (abbr. ODR, meaning no modification of the Delaunay insertion) to recover the missing boundary
faces. From the ratio of the constraint recovered by edges/faces swapping (almost up to 80%) we see that it
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Table 2

Ratios of CPU times of boundary recovery to that of complete meshing
Examples Fig. 10 Fig. 11 Fig. 12 Fig. 13
Simple swap 0.24 0.74 2.34 1.34
Modified Delaunay refinement 0.86 2.58 5.86 4.36
Our method (the sum of the above two) 1.1 3.32 8.2 5.7
Complex flipping 3.0 5.1 27.2 19.2
Original Delaunay refinement (ODR) 3.1 4.9 19.1 133

is very useful to add the edges/faces swapping as the first step of the boundary recovery. Furthermore, the
comparison of the numbers of added vertices of our method with that of the ODR shows that our modified
Delaunay insertion procedure is very efficient. If only using ODR, too many vertices are added on the
boundary which violates the given sizing specification of the area neighboring the added vertices.

In Table 2, the ratios (in percentage) of the CPU times of the boundary recovery step to the whole
meshing process (including other steps such as field points generation, Delaunay insertion and mesh
optimization) of various methods are compared. In addition to our method, two other methods used as
references are the method of complex flipping and ODR, with the former following the method proposed
by George [14]. For comparison, we apply different methods of boundary recovery, but use the same
procedures for other steps. For the first pair of examples (Figs. 10 and 11), ODR and complex flipping
methods have somewhat similar efficiency for the recovery. But for the second pair of examples (Figs. 12
and 13), the ratios indicate that the recoveries are substantially slower than before, and ODR is faster than
the complex flipping method due to the more complex geometry involved in the later two examples. For a
complex geometry, more time is obviously needed for complex flipping due to the heuristic nature of the
method. For ODR, the efficiency is mainly related to the number of the missing constraints and the CPU
time for the intersection checking is a large part of the whole process. Of course, the complexity of the
underlying geometry also influences its efficiency, as illustrated in the splitting recovery: the more complex
the model is, the more easily for some existing or previously recovered edges or faces to be deleted. For the
four examples given here, the CPU time ratios of our methods are much less than that of the ODR and the
complex flipping. This is because, for most of the missing faces, we first use the simple and efficient
swapping procedures for the recovery, then for the remaining items, the modified Delaunay refinement we
proposed recovers them one by one, and avoids the deletion of the recovered constraint. Especially for
complex geometry, the introduction of the combined techniques has obviously improved the effectiveness
and the robustness of the boundary recovery and hence, the whole process of mesh generation.

7. Conclusions and future works

An efficient boundary recovery algorithm is presented, which combines the local transformations: edges/
faces swapping with the Delaunay refinement method: edges/faces splitting. In the splitting of constraints,
we modify the Delaunay insertion procedure and guarantee that when inserting an intersection point to a
constraint, existing or recovered constraints in the volumetric triangulation will never be deleted. This
enhances the efficiency of the algorithm and guarantees the convergence of the algorithm. While this paper
contains mainly a complete and rigorous proof of our algorithm, several preliminary meshing examples are
also presented which demonstrate the effectiveness and robustness of the presented boundary recovery
algorithm. One future direction of research is to improve the positions of the inserted intersection points in
order to improve the quality of the final mesh neighboring the added points.
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